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An expansion in modular forms is obtained which generalizes the decompo- 
sition theory for tensor products of irreducible representations of the group 
of conformal mappings of the upper half-plane [I]. 
Let I’ be the set of two-by-two matrices with integer entries and positive 
determinant. The modular group is the set of elements of r of determinant 
one. For each positive integer Y, let r(r) be the set of elements of the modular 
group whose lower left entry is divisible by Y. Then T(Y) is a subgroup of 
index p(r) in the modular group, where p(y) is the product of Y and the 
numbers 1 + 1 /p where p ranges in the distinct prime factors of Y. A character 
modulo Y is a function x(n) of integral n, which is periodic of period Y, such 
that the identity x(mn) = x(nz) x(n) h o s Id f or all positive integers m and R, 
such that x(n) = 0 when n is not relatively prime to Y, and such that x( 1) # 0. 
A character is either an even or an odd function of n. The principal character 
modulo Y is the unique character modulo Y which has no values other than 
zero and one. 
Two points wr and w2 in the upper half-plane are said to be equivalent with 
respect to r(r) if w, = (Aw, + B)/(Cw, + D) for an element (“, i) of T(Y). 
Two points wr and ws in the upper half-plane are said to be symmetric with 
respect to Ir(1) if --@s = (Aw, + B)/(Cw, + 0) for an element (“, g) of 
P(l). The points in the upper half-plane which are not self-symmetric with 
respect to r(l) form an open set which is the union of its connected compo- 
nents. A fundamental region for r(l) is obtained by joining two adjacent 
components for r( 1). A component for the modular group is the set of points z 
in the upper half-plane such that 0 < x < 3 and 1 z ] > 1. Each fundamental 
region for I”(Y) is obtained by joining together p(y) components for the 
modular group. 
Let v be an integer. A modular form of order Y is a function F(z), analytic 
in the upper half-plane, which satisfies the identity 
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for every element (“, :) f h o t e modular group. Let x be a character modulo r 
of the same parity as 1 + V. An automorphic form of order v and character x 
with respect to F(r) is a function P(z), analytic in the upper half-plane, which 
satisfies the identity 
for every element (” B c o) of r(r). The Petersson norm of an automorphic form 
F(z) of order v and character x with respect to T(Y) is defined by 
(742) P(Y) llF(~)/12 = /j-,,, I W)12 (i% - +‘-1 dx 4, 
where Q(r) is a fundamental region for r(y). 
Let x be a character modulo Y, and let a, b, and c be numbers, neither a nor 
b a nonpositive integer, such that a + 6 = c and c > 2. Assume that a - b 
is an integer of the same parity as x. When z and w are in the upper half-plane, 
define 
x(D) (ifi! - iwp--c / r(a) F(b)/2 
K(wy 4 = c (iDw + icz73 - iB - iAz)a (iA. + iB - ic,Fw - iDw)b 
xF 
i 
a b.c.Az+B-Czw-DwAffB-C=-Dfi 
3 , 3 1 Az+B-Czw-D@A%+B-C%w-Dw ’ 
where summation is over all elements (2 “,) of F(Y). There exists a unique 
Hilbert space FJa, b; c; z), whose elements are functions defined in the upper 
half-plane, such that K(w, zr) belongs to the space as a function of z when w 
is in the upper half-plane, and such that the identity F(w) = (F(z), K(w, z)) 
holds for every element F(z) of the space. The space SX(a, b; c; z) is closely 
related to the space FX(a + 1, b + 1; c + 2; z). The definition of the space 
SX(a, b; c; z) when c > 1 is made as to preserve this relationship. 
THEOREM 1. Let x be a character modulo Y, and let a, b, and c be numbers, 
neither a nor b a nonpositiwe integer, such that a + 6 = c and c > 1. Assume 
that a - b is an integer of the same parity as x, and that a and b are not both 
equal to one if x is the principal character modulo Y. Then there exists a unique 
Hilbert space FX(a, b; c; .z) of functions dejined in the upper half-plane such that 
(G - iz)-‘F(z) belongs to .RX(u + 1, 6 + 1; c + 2; z) whenever F(z) belongs to 
SX(a, b; c; z), such that the transformation dejined by F(z) - G(z), where 
(i% - ix) G(z) = (Z - 2)s PFl& a5 - ~(5 - Z) azyaif 
- b(z - z) aF/az + (c - 1) (c - a - b) F(z) 
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takes Fx(a, b; c; x) onto Sx(u + 1, b + 1; c + 2; x), and such that the identity 
(c - 1) IIF(4112 = (c + 1) II GW” 
holds. The identity 
holds for every element F(z) of the space when (“, “,) belongs to I’(Y). 
The space is the range of an integral transformation. 
THEOREM 2. Let x be a character module Y, and let Q(Y) be a fundumentul 
region for I’(Y). Let a, b, and c be numbers, neither a nor b a nonpositive integer, 
such that a + 6 = c and c > 1. Assume that a - b is un integer of the same 
parity as x, and that a and b are not both equal to one ifx is theprincipulchuracter 
module Y. Then for each point w in the upper half-plane, there exists a unique 
solution L(w, z) of the equation 
(2 - 2)2 a”L(w, X)/ax a% - a(% - z) aL(w, x)/Z 
- b(z - Z) aL(w, z)/& + (c - 1) (c - u - b) L(w, z) 
= c _ x(D) r(u + 1) r(b + 1) (i,% - iz) (i@ - iw)“+b+l-c 
(iDw + iCzw - iB - iAz)a+l (iA% + iB - iCZw - iDw)b+l ’ 
such thut the identity 
L(w, ‘1 = (Cz + D;$” + D)b L 
Az+B 
wy Cz + D 
holds for every element (“, “,) of r(r) and such that 
ss n(r) 1 L(w, z)i2 (iz - iz),-2 dx dy < 00. 
For each meusurable function f (x), defked in the upper hulfplune, such that the 
identity 
holds for every element (“, “,) of r(r) and such that 
IS n(r) 1 f (.z)l” (i% - iz)c-2 dx dy < co, 
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there exists a corresponding element F(z) of 5Ja, b; c; x) such that the identity 
nF(w) = j jQcv,f(z)i;(w, z) (2.2 - iz),-z dx dy 
holds when w is in the upper half-plane and such that 
a(c - 1) I/ F(z)llz = /I,,,, 1 f (z)Iz (S - iz),-z dx dy. 
Every element of PI(a, 6; c; z) is of this form. 
There exist relations between the spaces &(a - n, b + n; c; z) for inte- 
ger n. 
THEOREM 3. Let x be a character module Y, and let a, b, and c be numbers, 
neither a nor b an integer, such that a + 6 = c and c > 1. Assume that a - b 
is an integer of the same parity as x. Let %!Ja, b; c; z, w) be the Hilbert space of 
functions F(z, W) of the form 
F(z, u) = y F,(x) wn, 
--m 
where F,(x) beZongs to gX(a - n, b + n; c; z) for every integer n, 1 w I = 1, and 
Then the identity 
II F(z, WY = +cm II CM2 < ~0. -cc 
F(zp w, = (Cz + D;:& + D)” F ( 
Az+B Cz + D ___ ~ 
Cx+D+%+D 1 
holds for every element F(z) of the space if (“, i) belongs to F(r). The transforma- 
tion defined formally by 
1 
F(z’ w) - (Pw + Q>” (PCS + (3))” F ( 
Pzw +Qz PW +Q 
P,+Q ‘FS 1 
is an isometry of the space onto itself if the determinant PS - QR has absolute 
value one and if the transformation w --f (Pw + Q)/(Rw + S) takes the unit 
disk onto itself. 
The integral transformation is bounded. 
THEOREM 4. Let x be a character module r, and let Q(r) be a fundamental 
region for P(r). Let a, b, and c be numbers, neither a nor b a nonpositive integer, 
such that a + b = c and c > 1. Assume that a - b is an integer of the same 
MODULAR EXPANSIONS 301 
parity as x, and that a and b are not both equal to one if x is the principal 
character modulo r. De$ne K(a, b; c) to be the maximum of the expression 
IP(c--&(a+b+l)-iix)P(c--$(a+b+l)+iz)l 
taken over the set of points x which are either real or of the form 3 iv for an 
integer V, 1 + v of the same parity as x and 0 < 1 + v < / a - b j . Then the 
inequality 
s.i i?(r) 
/ F(x)f (ix - ix)e-’ dx dy < n(c - 1) K(U, b; c)~ 1) F(z)\\’ 
holds for every element F(z) of SX(a, b; c; z). If F,,(z) is the element of 
9Ja + n, b + n; c + 2n; x) dejined inductively by F,,(z) = F(x) and 
(c+n--)(c+n--)F,+,(x) 
= (X - x)2 m,/az ax - cu + n) (2 - x) aF%jay 
- (b + n) (Z - z) aF,/az + (C + 2~2 - 1) (C - u - b) F&), 
then 
lim 
?I+m ss n(r) 
1 I’(c - a) P(c - 6) f(z) - n(i% - iz)“Fn(z)12 (is - iz)emz dx dy = 0 
where f (z) is the measurable function defined for F(x) as in Theorem 2. 
The integral transformation is normal. 
THEOREM 5. Let x be a character module r, and let a, b, and c be numbers, 
neither a nor 6 a nonpositive integer, such that a + 6 = c and c > 1. Assume 
that a - b is an integer of the same parity as x, and that a and b are not both 
equal to one if x is the principal character modulo r. Then the transformation 
F(z) -+F(z) is an isometry of Sx(a, b; E; z) onto SX(c - a, c - b; c; z). 
The integral transformation has weighted automorphic forms as eigen- 
functions. 
THEOREM 6. Let x be a character module r, and let Q(r) be a fundamental 
region for I’(r). Let a, b, and c be numbers, neither a nor b a nonpositive integer, 
such that a + 6 = c and c > 1. Assume that a - 6 is an integer of the same 
parity as x and that a and b are not both equal to one ;fx is the principal character 
modulo r. If a > b, then (is - iz)-” F(z) belongs to S?I(a, 6; c; z) whenever F(x) 
is an automorphic form of order a - b - 1 and character x with respect to P(r) 
which hasJinite Petersson norm. The identity 
n(c - 1) )I I’(c - a) r(c - b - 1) (G - ix)-” F(z)\/~ 
= 
dd 
I F(,z)12 (2 - i~)~-~-~ dx dy 
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holds for every such function F(z). The same conclusion holds when a = b if x 
is the principal character module r and zfF(z) is a constant. 
A fundamental region with respect to r(r) has a natural triangulation 
into fundamental regions with respect to the modular group. The funda- 
mental region for r(r) determines a compact Riemann surface on adding real 
(or infinite) vertices to the triangles and identifying points under the action of 
P(r). A cusp for r( r is an equivalence class of real (or infinite) vertices. Let Sz ) 
be a fundamental region for the modular group which has an infinite 
vertex. If w is a cusp for I’(r), there exists an element (“, %) of the modular 
group such that the transformation z -+ (AZ + B)/(Cz + D) takes Q onto a 
fundamental region whose vertex corresponding to the infinite vertex of Sz 
is a representative of W. If F(z) belongs to $$(a, b; c; a), the function 
(cz + D)“l(Cs + D)bF 
is periodic of period r. The function P(z) is said to vanish at the cusp w if 
s 
r 
o (Cz + D&t + D)bF 
identically for y > 0. The elements of SJa, b; c; a) which vanish at all cusps 
admit an orthogonal expansion. 
THEOREM 7. Let x be a character modulo r, and let a, b, and c be numbers, 
neither a nor b a nonpositive integer, such that a + 6 = c and c > 1. Assume 
that a - b is an integer of the same parity as x, and that a and b are not both 
equal to one if x is the principal character module r. An element of SJa, b; c; x) 
vanishes at all cusps for r(r) if, and only zf, it belongs to the closed span of the 
elements F(z) of the space which satisfy the identity 
cz - 2)2 a2qaz ax - a(% - z) aF/a,92 - b(x - 2) aFjaz 
=a(a+b- 1 -v)(a+b- 1 +v)F(z) 
for an imaginary number v or for an integer v, 1 + v of the samepatity as a - b 
andO<l+v<ja-bb. 
An integral representation of the hypergeometric function is used in 
making eigenfunction expansions. 
THEOREM 8. The identity 
r(b) m +m 
fS 
(z - A)” (G - i,)c-2 dx dy 
nT(c-1) 0 --m (iA - iz)e+k-a (i,% - iA)cob (it70 - iz)” (i% - iw)” 
_ W + k) 
( 
w--h ?a---x 
r(c + k) 
F a,b+k;c+k;-------- 
w - X W - A > 
(w - A)” (ix - ih)a+b-c 
(ifi - iA)” (ix - iw)b+” 
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holds when h and w are in the upper half-plane if k is a nonnegative integer, if the 
arguments of iti - iz, iA - ix, and ia - ih are chosen of absolute value less than 
r, and if a, b, and c are numbers with Re c > 1. 
A representation follows for confluent hypergeometric functions. 
THEOREM 9. The identity 
r(b) oD ss +~ exp(ihz) (ig - iz),-z dx dy qc-1) 0 --m (if0 - i,z)” (i% - iw)b 
= ha+b-C exp(& ihw + 3 ih@) (ihm - ihw)*(C-a-b--l) 
X W~(b-a+l-c),f(a+b-c)(ihW - iW 
holds when w is in the upper half-plane if h is a positive number, if 
-9r < arg(& - iz) < rr, and ;f a, b, and c are numbers with 
Re(a+b)>Rec>l. 
The identity has a simple form in the limiting case h = 0. 
THEOREM 10. The identity 
s 
+m r(a) F(b) dx +m r(c - 1 - it) r(a + 6 - c + it) dt 
--m (i@ - ix)"(i% _ iw)b = --m (ig - iz)c-l-it ($- iw)a+b-C+it 
holds when w is in the upper half-plane if -r < arg(G - ix) < rr, and if 
a, b, and c are numbers with Re(a + b) > Re c > 1. 
Another limiting case of the identity is obtained when c = 1. 
THEOREM 11. The identity 
X (277iM - 2ninz)-f@+b) ~~(a-b),a(a+b--l)(2~in~ - 27&z) 
+ r(a) f (27rn)a+b-1 exp(-ninz - 7&Z) 
?Z=l 
X (277&Z? - 27&z)-i(a+b) W$(b--a),4(a+b-1)(2rrinZ - 27rinz) 
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holds when z is in the upper half-plane and -4 rr < arg(in - iz) < 4 TT 
if a, 6, and c are numbers such that a + b = c and c > I. 
A computation of Fourier coefficients follows. The notation c(s) is used for 
the Euler zeta function. 
THEOREM 12. Let x be a character module r, let i be its Fourier transform, 
dejined by 
l/ri(n) = i x(k) exp(2rrink/r) 
j&=1 
for every integer n, and let 
Tk=l 
be the corresponding zeta function, which satisfies the identity 
(r/r)-fs T($ s) l&,(s) = (TT/~)-+++~ T($ - 4 s) fj i(n)/r+ 
la=1 
when x is even, and the identity 
i(7r/r)-+s r(* + $ s) c,(s) = (7r/r)-*++” r(l - Q s) nzI i(n)/nl+ 
when x is odd. Define the expression &(a, b; c; z) by 
l/r &(a, b; c; z)/(b) 
= dFr(a) r(b) &(a + b)/(2m) 
+ ib-aT(a + b - 1) <(a + b - 1) (irz - irx)l-a-b i(O) 
+ i*-“T(b) f c (2nk/r)a+*-l g(k) exp(ninz + An?) 
n=l kin 
x (2&u? - 27Gzz)-*(a+b) W~(a-b),:(a+b--l)(2~inz - 27rinz) 
+ ib-aT(a) f c (2rrk/r)a+b-1 2(-k) exp( - r&z - r&Z) 
n=l k[n 
X (2&Z - 27rinz)-i(a+b) W~(b--a),~(a+b--1)(2~inZ - 27&z), 
when x is in the upper half-plane if a, b, and c are numbers, neither a nor b a 
nonpositive integer, such that a + b = c where c 2 1, if a - b is an integer of 
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the same parity as ,Y, and if a and b are not both equal to one when x is the prin- 
cipal character module Y. Then the identity 
holds for every element (“, “,) of r(r). If L(w, z) is defined as in Theorem 2, then 
the identity 
I 
lL( w, z) dx = 
0 s 
+CC T(&(2c - a - b - 1) - it) r(j(2c - a - b - 1) + it) 
--m T(&(l - b + a) + it) F($(l - a + b) + it) 
y S,(&(l - b + a) + it, +(l - a + b) + it; 1; w) dt 
' <,(I + 2it)(ig -i~)*(Zc-a-b-l)+it (i@- iw)-ha+b-l)-it 
holds when w is in the upper half-plane if a, b, and c are numbers, neither a nor b 
a nonpositive integer, such that a + b = c where c > 1, and if a - b is a non- 
zero integer of the same parity as x. 
A generalization of the space PX(a, b; c; a) exists when c = 1. A partial 
ordering of characters is used in constructing the space. If x and G are cha- 
racters, the inequality u < x means that the period of x is divisible by the 
period of (T and that (T agrees with x on integers which are relatively prime to 
the period of x. 
THEOREM 13. Let x be a character modulo Y, and let a and b be nonintegral 
numbers such that a - b is an integer of the same parity as x and a + 6 = 1. 
Then there exists a unique Hilbert space RX(a, b; 1; x) spanned by the functions 
$(a, b; 1; z), (T < x, such that the identity 
holds for all characters a and /3, 01 < x and /3 < x, where s is the least common 
multiple of the periods of 01 and /3. 
A space of the type sX(a, b; c; a) with c > 1 admits an orthogonal expansion 
involving spaces of the same type with c = 1. 
THEOREM 14. Let x be a nonprincipal character modulo Y, and let a, b, and c 
be numbers, neither a nor b a nonpositive integer, such that a -f 6 = c and 
c > 1. Assume that a - b is an integer of the same parity as x. Define the 
weight function W(z) by 
F(- iz) r(& - iz) W(z) = r(i(a + b - 1) - iz) l3(2c - a - b - 1) - iz) 
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when z is on or above the real axis. If F(t, z) belongs to 
46,($( 1 - b + a) + it, f( I - a + b) + it; 1; Z) 
as a function of z for almost all real t, ifF(t, z) is a measurable function oft for 
every point z in the upper half-plane, and if 
then 
J 
f” 
IIF@, x)11” I W(t)l’ dt < *, 
--m 
F(x) = (c - 1) I$ (iz - i~)f(l-a-b)+~~F(t, z) j W(t)12 dt 
belongs to PX(a, 6; c; z) and 
llF(~)l12 = (c - 1) j+” II F(t, 41” I W(t)12 dt. -m 
A given element of &(u, b; c; z) is of this form if, and only if, it is orthogonal to 
every element G(z) of the space which satisfies the identity 
(x - z)~ PG/ax 3% - a(% - x) aG/&z - b(x - .%) aG/&z 
= $(a + b - 1 - v) (a + b - 1 + v) G(x) 
for an imaginary number Y or for an integer Y, I + v of the same parity as a - b 
and 0 < 1 + v < ] a - b I . 
Another space can be constructed from the integral transformation when a 
and b are real. 
THEOREM 15. Let x be a character module r, and let a and b be real numbers, 
neither a nor b a nonpositive integer, such that a + 6 > 1. Assume that a - b 
is an integer of the same parity as x, and that a and b are not both equal to one if x 
is the principal character modulo r. If L(w, z) is defined as in Theorem 2, then 
there exists a unique Hilbert space SJa, b; z) of functions defined in the upper 
half-plane such that L(w, z) belongs to the space as a function of z when w is in 
the upper half-plane and such that the identity F(w) = (F(z), L(w, x)) holds 
for every element F(x) of the space. The identity 
holds for mery element F(z) of the space when (“, “D, belongs to I’(r). 
An inequality holds for the elements of the space. 
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THEOREM 16. Let x be a character module t, and let Q(Y) be a fundamental 
region for T(Y). Let a and b be real numbers, neither a nor b a nonpositive integer, 
such that a + b > 1. Assume that a - b is an integer of the same parity as x, 
and that a and b are not both equal to one ifx is the principal character module r. 
Then the inequality 
ss 
( F(x)j2 (i% - iz) a+b-2 dx dy < ?T 11 F(.z)lj2 K(a, b; a + b) 
n(r) 
holds for every elemat F(x) of the space SX(a, b; z) if K(a, 6; c) is defined as in 
Theorem 4. Let f (z) be a measurable function, defined in the upper half-plane, 
such that the identity 
x(D) 
f(x) = (Cx + D)” (C% + D)b 
holds for every element (“, “,) of r(r) and such that 
Jl oh9 j f(x)\” (is - iz)afbm2 dx dy < CO. 
If F(z) is the unique element of Fr(a, b; z) such that the identity 
r(F(x), G(x)) = ( j,,,, f (z) C(z) (i% - iz):)a+b-2 dx dy 
holds for every element G(x) of the space, then the identity 
rF(w) = j j,,,, f(x) J?(w, z) (2 - iz)a+b-2 dx dy 
holds when w is in the upper half-plane, where L(w, z) is defined as in Theorem 2. 
There exist relations between the spaces FX(a - n, b + n; z) for integer n. 
THEOREM 17. Let x be a character modulo Y, and let a and b be real numbers, 
neither a nor b an integer, such that a + b > 1. Assume that a - b is an integer 
of the same parity as x. Let FX(a, b; x; w) be the Hilbert space of functions F(z, w) 
of the form 
F(x, w) = “c”F,(X) wn, 
--m 
where F,(z) belongs to SQa - n, b + n; z) for every integer n, 1 w I = 1, and 
II 0, ~111~ = +cm II~&)ll” < ~0. -02 
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Then the identity 
holds for every element F(z) of the space if (“, g) belongs to P(Y). The trans- 
formation defined formally by 
F(x’ w) - (pw + Q&&j 4.. Q)” F 
Pzw -+ Qz Pw + Q 
Pw+Q ‘Rw-fs 
is an isometry of the space onto itself af the determinant PS - QR has absolute 
value one and if the transformation w + (Pw + Q)/(Rw + S) maps the unit 
disk onto itself. 
There exist relations between the spaces gx(a + n, b + n; z) for integer n. 
THEOREM 18. Let x be a character module r, and let a and b be real num- 
bers, neither a nor b a nonpositive integer, such that a + b > 1. Assume that 
a - b is an integer of the same parity as x, and that a and b are not both equal to 
one if x is the principal character module r. Then every element of Fx(a, 6; x) 
is of the form (iz - iz) F(z) with F(x) in Fx(a + 1, b + 1; z). The adjoint of the 
transformation de$ned by F(z) + G(z), wheneverF(z) is an element of SY(a, b; z) 
and G(z) is an element of 3$(a + 1, b + 1; z) such that 
(i% - iz) G(z) = (X - .+? a2F/& &Y - a(% - z) 3Fjaz - b(z - 5) aF/az 
is the transformation defined by F(z) --f G(z) whenever F(x) is an element of 
sx(a + 1, b + 1; z) and G(z) is an element of gx(a, b; z) such that 
G(z) = (i% - iz) F(z). 
The space satisfies a symmetry condition. 
THEOREM 19. Let x be a character modulo r, and let a and b be real num- 
bers, neither a nor b a nonpositive integer, such that a + b > 1. Assume that 
a - b is an integer of the same parity as x, and that a and b are not both equal to 
one ;f x is the principal character modulo r. Then the transformation F(z) ---f P(z) 
is an isometry of S?*(a, b; z) onto 9Cx(b, a; z). 
The space contains weighted modular forms. 
THEOREM 20. Let x be a character module r, and let Q(r) be a fundamental 
region for P(r). Let a and b be real numbers, neither a nor b a nonpositive integer, 
such that a + b > 1. Assume that a - b is an integer of the same parity as x, 
and that a and b are not both equal to one if x is the principal character module r. 
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If a > 6, then (6 - ix)-” F(z) belongs to S?Ja, b; z) whenever F(x) is an auto- 
morphic form of order b - a - 1 and character x with respect to P(Y) which has 
finite Petersson norm. The identity 
rr(a - 1) P(b) ji(iZ - iz)-bF(z)l~2 = /J‘n(rj j Fan (i% - iz)a-b-2 dx dy 
holds for every such function F(z). The same conclusion holds when a = b ;f x 
is the principal character module Y and zfF(z) is a constant. 
An element of the space has an analytic extension as a function of two 
complex variables. 
THEOREM 21. Let x be a character module r, and let Q(r) be a fundamental 
region for P(r). Let a and b be real numbers uch that a > 1 and b > 1. Assume 
that a - b is an integer of the same parity as x. A necessary and su$icient condi- 
tion that a function belong to &(a, b; x) is that it be of the form F(z, ,z) for an 
analytic function F(a + , .z-) of two complex variables x+ and .z-. , dejned for 
y+ > 0 andy- < 0, such that the identity 
F(z+ , X) = x(D) 
i 
Az++B AZ-+B __- 
(cx, + 0)” (Cz- + D)bF Cz, + D ’ CX + D ) 
holds for every element (s “,) of l’(r) and such that 
/~,_,~~Q,,, I F(z+ , z-)1” (i%+ - iz+)a-2 (i.z- - iZe)b-2 dx, dy, dx- dy- < 03. 
In this case the integral is equal to n2P(a - 1) P(b - 1) // F(x, g)jj2. 
An orthogonal expansion holds for the elements of the space. 
THEOREM 22. Let x be a nonprincipal character module r, and let a and b be 
real numbers, neither a nor b a nonpositive integer, such that a + b > 1. Assume 
that a - b is an integer of the same parity as x. DeJine the weight function W(z) 
bY 
r(- iz) P($ - iz) W(z) = P(i(a + b - 1) - iz) 
when x is on or above the real axis. If F(t, z) belongs to 
Fx(Q(l - b + a) + it, ;(I - a + b) + it; 1; x) 
as a function of z for almost all real t, if F(t, x) is a measurable function of t for 
every point z in the upper half-plane, and if 
s +” II F(t, z)ll” I W(W dt < 00, -cc 
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F(z) r7 j’ x (& .-- ix)i(l-n-b)+itF(t, x) ~ W(t)iZ dt- ‘XI 
belongs to SJa, 6; x) and 
11 F(.x)~/~ = j+ :IF(t, x)l12 I W(t)i2 dt. 
-cc 
A given element of Sx(a, b; z) is of this form if and only ifit is orthogonal to every 
element G(z) of the space which satisfies the identity 
(x - z)~ PG/& 8% - a(% - z) aGjl& - b(z - Z) 8Gjaz 
= t(a + b - 1 - V) (a + b - I + V) G(z) 
for an imaginary number Y or for an integer Y, I + v of the same parity as a - b 
and 0 < 1 + v < j a - b I. 
Proof of Theorem 1. Let S’ be the Hilbert space of (equivalence classes of) 
measurable functions f(z), defined in the upper half-plane, such that the 
identity 
holds for every element (“, i) of F(Y), and such that 
llf (4” = /j,,,, If @)I2 (is - ix>,-’ dx 4 < ~0. 
Let H2 be the transformation defined by H2 : f(z) -+ g(z) whenever f (z) and 
g(z) are elements of X such that 
g(x) = (x - 5)” ayax a?? - a(.% - x) af/az 
- b(z - 27) aflax - gz + b - I)“f(z). 
By the proof of Theorem 25 of [I], the transformation is self-adjoint. The 
present theorem follows by arguments given there once it is shown that the 
spectrum of H2 is nonnegative except for points of the form (i iv)” where v 
is an integer, 1 + v of the same parity as x and 0 < 1 + Y < ] a - b 1 . By 
the arguments there, it is sufficient to make this computation of the spectrum 
when - 1 < a - b < 1. Let Q(Y) be the fundamental region for T(Y) formed 
by joining fundamental regions for I’(l) at a maximum distance from the 
real axis in the strip - Q < x < +. Note that if H2 : f (z) -+ g(z), then 
g(4 + 31 - a + b)2f(4 
= - [(x - Z) a/ax + a - l] [(H - z) af (z)/& + bf(z)]. 
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The desired information about the spectrum of H2 is equivalent to the 
inequality 
&(I - a + b)2 j jntrj I f(z)l" (z.2 - iz)c-' dx dy 
d II n(r) I(% - z) af/a.% + bf(z)12 (ii? - i~)c-~ dx dy, 
which holds for every element f(x) in the domain of H2 when 
-1 < a - b < 1 and either a # b or a = b and x is not the principal 
character modulo Y, and which holds for every element f(x) in the spectrum 
of H2 which is orthogonal to (6 - iz)-” when a = b and x is the principal 
character modulo Y. The needed information about the domain of Hz is also 
equivalent to the same inequality with a and b interchanged. The inequality is 
proved by considering a related differential operator in a different Hilbert 
space. 
Consider the Hilbert space of (equivalence classes of) measurable functions 
f(z), defined in the upper half-plane, which are periodic of period one, such 
that 
m3 
1s 
1 f(z)]” (iz - ir~)~-~ dx dy < co. 
0 2 
_1 
Consider the transformation which takes f(z) into g(x) whenever f(z) and 
g(z) are elements of the space such that 
g(z) = (Z - 2)s azfla~ a~- U(Z- z) af/a2 
- b(x - 2) afpz + $(a + b - 1)“f (z). 
It can be verified that the transformation is self-adjoint and has a nonnegative 
spectrum when -1 < a - b < 1. This computation is possible because the 
differential operator is considered in a rectangular region where the x and y 
variables can be separated. The eigenfunction expansions for the resulting 
ordinary differential operators in y are given by the Gauss spaces of entire 
functions [2]. It follows that the inequality 
t(l - a + b)2 jm j” 1 f (x)1” (is - i~)c-~ dx dy 
0 -t 
rJ + 
< ss 
I(% - z) af/iYa + bf +)I2 (~2 - i~)c-~ dx dy 
0 P 
-1 
holds for every measurable function f (z) which is periodic of period one in 
the upper half-plane, when - 1 < a - b < 1. The same inequality holds 
with u and b interchanged. 
4”9/4Oh-4 
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Note that each symmetric component with respect to the modular group 
is a hyperbolic triangle, bounded by three circular arcs (or vertical line seg- 
ments), with two vertices in the upper half-plane and one real (or at infinity). 
Let y(r) be the union of the bounding arcs which connect pairs of vertices in 
the upper half-plane. Then y(r) divides the Riemann surface for r(r) into 
connected components, each one of which contains exactly one cusp for 
r(r). It is easily seen that the desired inequality holds for every elementf(z) 
of the domain of H2 which vanishes on y(r). By a linear decomposition, it is 
sufficient to make the verification in the case that f(z) determines a function 
which vanishes in all but one of the cusp-components of the Riemann 
surface. The desired inequality follows from the results of the last paragraph 
when this component is the component containing the infinite cusp for r(r). 
The other components can be treated similarly since the cusp can be brought 
to infinity by a change of variable. 
The orthogonal complement in 2 of the range of the restriction of 
H2 + $(I - a + b)a to elements which vanish on y(r) is the set of elements 
g(z) of 2 such that (Z - z) ag/% + bg(x) = 0. These are the elements 
g(z) of Z such that (i% - ix)” g( ) z is an analytic function of a. Such an element 
vanishes identically if a < b, and is a constant if a = 6. The theorem follows 
immediately in these cases. When a > b, a similar argument applies with a 
and b interchanged. 
Proof of Theorem 2. The argument is the same as for the proof of Theo- 
rem 26 of [I]. 
Proof of Theorem 3. By the proof of Theorem 27 of [l], the adjoint of the 
transformation defined by F(z) + G(z) whenever F(z) is an element of 
~X(a-~n,b+n;c;z)andG(z)isanelementof~X(a-n- l,b+n+I;c;z) 
such that 
G(z) = (z - z) i3Fja.s + (b + n)F(z) 
is the transformation defined by F(z) -+ G(z) whenever F(z) is an element of 
%Ja-n- I,b+n+ l;c;z)andG(z)isanelementof~X(a-~,b+n;c;z) 
such that 
-G(z) = (z - z) aF/& + (a - n - l)F(x). 
Let L, , L- , and D be the transformations in &(a, b; c; a, w) defined by 
D : F(z, W) + G(z, CO) if 
G(z, co) = o.dF(z, CO)/& - 4(a - b) F(z, w), 
by L- : F(x, W) + G(z, W) if 
G(x, w) = cii(a - z) aF(z, CO)/& + wuF(z, w) - aF(z, CO)/& 
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and by L, : F(z, w) -+ G(x, w) if 
G(z, w) = -w(z - x) cW(x, co)/&? - wbF(z, co) - wW(z, co)/&. 
Then L, and L- are adjoints, and D is self-adjoint. The identities 
DL- - L-D = -L- , 
DL,-L+D=L,, 
L-L, - L,L- = 20 
are satisfied formally. The theorem follows by a straightforward computation 
of the Lie algebra of the given group of substitutions. 
Proof of Theorem 4. The argument is the same as for the proof of Theo- 
rem 28 of [l]. 
Proof of Theorem 5. The theorem follows from Theorems 1 and 2. 
Proof of Theorem 6. The argument is the same as for the proof of Theo- 
rem 30 of [l]. 
Proof of Theorem 7. By Theorem 6 and the proof of Theorem 3, it is 
sufficient to consider the case a > b. Define the self-adjoint transformation H2 
in the Hilbert space X as in the proof of Theorem 1. If F(x) is an eigen- 
function of H2 for the eigenvalue - v $ 2, then v2 is real and F(z) belongs to 
9$(a, b; c; z). If v is not imaginary, then v is an integer, 1 + v has the same 
parity as Q - b, and 0 < 1 + v < a - 6. The Fourier expansion of F(z) in 
the upper half-plane is of the form 
F(x) = f u,(i,T - ix)-*@+*) exp(Gnz + z&Z) W+(a-a),tV(2nin% - 27%x) 
?l=l 
+ f a-,(;z - &)-t(a+b) 
n=1 
x exp( - r&2x - r&rZ) W+.a) ,t,(2rrinZ - 2rrinz), 
where the coefficients a, vanish for negative n when v is not imaginary. It 
follows that F(z) vanishes at the infinite cusp for F(Y). A similar argument 
will show that it vanishes at the other cusps for r(r). 
Define Y(Y) as in the proof of Theorem 1. The set &? of elements of S 
which vanish at the cusps for r(r) is a reducing subspace for H2. Consider 
the restriction of H2 to the set of those elements in its domain which belong to 
~8% and vanish on y(r). It can be verified that it has an extension T in J&Z with 
spectrum below the real axis such that 
i(T* - a)-’ - i(T - w)-l - i(w - a) (T* - a)>-’ (T - w)-’ 
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is nonnegative and completely continuous when w lies above the real axis. 
It follows [3] that the restriction of (Hz - w)-l to ~2’ is completely continu- 
ous for every nonreal number w and that ~2’ is the closed span of eigenfunc- 
tions of Hz. The corresponding eigenvalues have finite multiplicities and 
have no finite point of accumulation. 
Proof of Theorem 8. The proof is similar to the proof of Theorem 1 of 
[l], which is the present theorem in the case K = 0. 
Proof of Theorem 9. Apply Euler’s identity 
F(a, b; c; z) = (1 - a)-“F(c - a, b; c; - z/(1 - a)), 
and Euler’s representation 
r(b) r(c - b)F(a, b; c; z) = r(c) ,: P-1( 1 - q-1 (1 - tz)-” dt, 
which holds when Re c > Re b > 0. It follows from Theorem 8 that the 
identity 
(is - ;z),-~ dx dy 
(iw - iz)” (iz - i~)~ 
(ix - ix> (iii? - iw) t a-e-k 
’ + (1 + ha/k) (1 + xwjk) k 
x (t - l)e-“-l t--a dt 
holds when h and w are in the upper half-plane if k is a nonnegative integer, 
Re c > 1, and Re c > Re b > -k. By the Lebesgue dominated convergence 
theorem, the identity reads 
r(b) r(c - b) (ifif - iW)a+b-c 
SI 
exp(hz - kz) (2 - i~)c-~ dx dy 
qc - 1) Y>O (2% - iz)” (i.z - iw)” 
= exp(Xw - Xw) Jr exp[(X - A) (w - @) t] (1 + t)-” P-b-1 dt 
in the limit of large k. The theorem follows with h = ix - ih when 
Re(c - b) > 0 since 
r(m + 4 - k) e*rx-m-fWk.m 64 = ,; e-“t( 1 + t)m-f+k tm-f-k & 
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when Re(m + 4 - R) > 0. The general case follows by analytic continuation. 
The estimate of absolute convergence needed to justify the limit processes of 
the proof are obtained from the theorem in the limit of small h. 
Proof of Theorem 10. In the limit of small h, the identity of Theorem 9 
reads 
W r(b) m ss +* (i2 - izy-2 dxdy r(a + b - c) 7rqc - 1) 0 --m (iti - iz)” (2% - iW)b = (i@ - iW)a+b-c. 
The identity of the theorem is obtained on applying the inversion formula 
for the Mellin transformation. 
Proof of Theorem 11. It follows from Theorem 9 that the identity 
r(a) r(b) m 
IS 
+m 1 - exp(2rriz - 27ri.F) (G - iz)c--2 dx dy 
dp-1) o --m 1 1 - exp(2kz)12 (2% - ix>” (i% - iw)b 
= ~~~i~j~b~~ + r(a) f (2m)a+b-c exp(ninw + T&C) 
n=1 
X (27rintV - 27rinw)f(C-a-b-1) W I(b--a),f(a+b--l)(2~inw - hinw) 
+ r(b) 2 (29ra)a+b-c exp(-r&w - tin%) 
?2=1 
x (2dna - 2&nw)‘(C-Q-b-1) W~(a-b),f(a+b-l)(2”ill~ - 2&w) 
holds when w is in the upper half-plane if a, b, and c are numbers with 
Re(a + b) > Re c > 1. The desired identity with a and b interchanged and 
with z replaced by w is obtained in the limit as c L 1. 
F’roof of Theorem 12. It follows from Theorem 11 that the identity 
holds when c > 2, where summation is over all pairs of relatively prime 
integers C and D such that C is divisible by r. So when c > 2, the identity 
holds for every element (“, E) of r(r). The identity follows by analytic 
continuation when c > 1. The last identity in the statement of the theorem is 
obtained by a straightforward formal calculation using Theorem 10 when 
c > 2. The general case of the identity follows by analytic continuation. An 
estimate of Whittaker functions is needed to show that the integrals appearing 
in the calculation are absolutely convergent. 
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An estimate of lVk,iA(~) can be given when k and A are real and x is positive. 
It is obtained from the equations 
and 
which imply that the quotient of the expression 
by x is a nondecreasing function of x. It follows that the expression is at most 
equal to X/r(i - k) if K < 2 1. The needed integrals are now easily estimated. 
Proof of Theorem 13. It is easily verified that the given inner product is 
well-defined since the zeta function c(s) has no zeros on the line Re s = 1 and 
since {(s)/r(i s - 4) is continuous at the point s = 1. Positivity of the inner 
product follows from the inequality p(K) < p(n) which holds when K is a 
divisor of rz. 
Proof of Theorem 14. By the proof of Theorem 3, it is sufficient to give a 
proof of the theorem in the case that a # b. Let Q(r) be the fundamental 
region for r(r) which is obtained by joining fundamental regions for r(l) 
at a maximum distance from the real axis in the strip - i < x < &. If h 
and R are given numbers, 1 < h < K, consider the unique function f(z), 
defined in the upper half-plane, such that f(z) = 1 in the portion of Q(r) 
where h < y < K, such that f(z) = 0 e sewhere 1 in Q(Y), and such that the 
identity 
x(D) 
f(z) = (Cz + D>” (CT + D)a 
holds for every element (“, 5) of r(r). By Theorem 2, there exists a corre- 
sponding element F(z) of 9$(a, b; c; a) such that the identity 
d(w) = j: j:i(w, z) (2 - ~z)C-~ dx dy 
holds when w is in the upper half-plane and such that 
27r(c - 1)” IIF(.z)ll” = (2k)c-l - (2h)e-l. 
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It follows from Theorem 12 that the representation 
7dyw) = 1 
+m~(~(2c-fz-~-l)-iit)lQ(2c-~-Zr-~1)+it) 
-cc Q&(1 - b + a) + it) r(&(l - a + b) + it) 
x S,(&(l - b + a) + it, &(I - a + 6) + it; 1; w) 
)‘,( 1 + 2it) (~TJ _ iw)*(a+b-U--it 
x (2,+a+b-Wit -(2/$hz+b-l,-it dt 
a+b-1-2it 
holds when w is in the upper half-plane. The choice of norms in Theorem 13 
has been made in such a way that the norm identity in the statement of the 
theorem holds. 
The same conclusion now follows more generally by the self-adjointness 
of the transformation H2 defined in the proof of Theorem 1. If f(t) is any 
measurable function of real t such that 
with 
s +” llF(t, z)lj2 I W(t)12 dt < co --m 
F(t, z) = f(t) S,(g(l - b + a) + it, $(l - a + b) + it; 1; x), 
then 
F(z) = (c - 1) 111 (iZ - iz)*(l-a-b)+itF(t, x) j W(t)12 dt 
belongs to 9Fx(u, b; c; x) and 
II WI” = (c - 1) /+m II% x)l12 I W(t)12 dt. --m 
The set of functions F(z) so obtained forms a closed vector subspace of 
sx(u, b; c; z). Since the subspace is the closed span of elements F(x) of the 
form 
dJ(x) = jk/l&, w) (ia - iw)c-2 du dw 
h 0 
for positive numbers h and k, it follows from Theorem 2 that the subspace is 
the orthogonal complement of the set of elements of 9Cx(u, b; c; z) which 
vanish at the infinite cusp for r(r). 
If u is a character of period s, u < x, then the transformation 
w -F(4 P( s * ) /A > r * is an isometry of PO(a, b; c; z) into .9$(u, b; c; z) and 
of FO(u, b; 1; z) into ZFJu, b; 1; x). The theorem follows. 
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Proof of Theorem 15. Let Hz be the self-adjoint transformation in the 
Hilbert space X defined in the proof of Theorem 1. By the proof of Theorem 
28 of [l], the integral transformation of Theorem 2 coincides with 
r(c-&(a+b+l)--H)r(c-~(a+h+l)+iH). 
Since a and b are assumed to be real, the transformation is nonnegative. It 
follows that L(z, w) = L( w, ,z) and that the inequality 
II o(r) f(z) e(w, z)!(w) (i% - i~)c-~ dx dy 2 0 
holds for every element f(z) of A? if Q(r) is a fundamental region for I’(Y). 
The existence of the desired space PX(a, b; z), which coincides with the range 
of Qc - Q(a + b + 1) - ZH), follows. 
Proof of Theorem 16. Let a + b = c, and define the Hilbert space Z as 
in the proof of Theorem 1. It follows from the definition of the space 
FX(a, b; a) that the identity 
T@(Z), G(x)) = j j,,,, f(z) Gi(x) (iz - i~)e-~ dx dy 
holds for every element G(z) of the space if f(z) belongs to A/ and if F(z) 
is the corresponding element of FX(a, 6; c; a) defined as in Theorem 2. The 
theorem follows from properties of the integral transformation used in the 
proof of Theorem 15. 
Proof of Theorem 17. The theorem follows from Theorems 3 and 16. 
Proof of Theorem 18. The theorem follows from Theorems 1 and 16. 
Proof of Theorem 19. The theorem follows from Theorems 5 and 16. 
Proof of Theorem 20. The theorem follows from Theorems 6 and 16. 
Proof of Theorem 21. By Theorem 18, it is sufficient to give a proof in the 
case a > 2 and b > 2. The argument depends on integral representations of 
analytic functions related to Cauchy’s formula. If F(z) is a function analytic 
in the upper half-plane, then the identity 
F(w) = f$ jj F(z) (iz - E-+-~ dx dy 
Y>O (i% - iw) 
holds when w is in the upper half-plane, provided that the integral is abso- 
lutely convergent. If F(z) is a function analytic in the lower half-plane, then 
the identity 
F(w) = q jj 
F(z) (iz - i?~)~-~ dx dy 
Y<O (iw - iZ)b 
MODULAR EXPANSIONS 325 
holds when w is in the lower half-plane, provided that the integral is absolutely 
convergent. If F(z+ , a-) is a function analytic in the upper half-plane of x+ 
and in the lower half-plane of a- , then the identity 
F(w+, - w ) = (a - 1) (6 - 1) n2 jLsj, 2. + 
x F(z+ , z-) (G+ - iz+)“-” (iz- - i.~-)~-~ dx, dy, dx- dy- 
(i%.+ - iw,)” (iw- - i%)” 
holds when w+ is in the upper half-plane and w- is in the lower half-plane, 
provided that the integral is absolutely convergent. If x+ and w+ are in the 
upper half-plane and if z- and w- are in the lower half-plane, define 
qw+ 3 w- , z+ 9 4 
= c (iD%+ + iCz+ti+ 
x(D) J-w WI 
- iB - iAz+)a (iAx_ + iB - iCz_t% - iD@Jb ’ 
where summation is over all elements (“, “,) of r(r). If F(z+ , z-) is a function 
analytic in the upper half-plane of a+ and in the lower half-plane of x- such 
that 
F(z+ ) z-) = x(D) 
Az++B AZ-+B 
(Cz, + D>” (Cz- + 0)” F (Cz+ + D ’ Cz- + D 1 
for every element (“, g) of I’(Y), then the identity 
n2T(a - 1) T(6 - l)F(w+ , w-) 
= jj,,,SjDc,,F(~+, ~->&w+, w-, z+, 4 (is+ - iz+F2 
x (ix- - i%p)b-2 dx, dy, dx- dy- 
holds when w+ is in the upper half-plane and w- is in the lower half-plane, 
provided that the integral is absolutely convergent. In particular, the identity 
holds if F(z+ , z-) = L(h+ , A- , z+ , x), where A, is in the upper half-plane 
and A- is in the lower half-plane. 
If w is in the upper half-plane, then L(w, B, z+ , z-) is analytic as a function 
of a+ in the upper half-plane and z- in the lower half-plane, and 
L(w, a) = L(w, @, z, z). It follows that if F(z) is any finite linear combination 
of the functions L(w, a) with w in the upper half-plane, there is a correspond- 
ing analytic function F(z+ , ,z-) of z+ in the upper half-plane and z- in the 
lower half-plane such that F(z) = F(x, z). It follows from the last identity that 
r21-‘(a - 1) T(b - 1) II F(z)lj2 
= Is,_,,ss,,, ’ F(z+ 3 d” 
x (is+ - iz+)aW2 (iz- - i%)b-2 dx, dy, dx- dy- . 
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The same conclusion follows by continuity for every element F(z) of 
FJa, 6; c; x). The functions P(z, , z-) for which the integral on the right is 
finite form a Hilbert space containing an isometric image of &(a, b; z). A 
straightforward use of the last identity will show that the orthogonal comple- 
ment of the subspace contains no nonzero element. The theorem follows. 
Proof of Theorem 22. The theorem follows from Theorems 14 and 16. 
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